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Abstract
We discuss the duality in three dimensional quantum field theory at infrared
limit. The starting point is to use a conjecture of a duality between the free
fermion and the interacting scalar field theories at the Wilson-Fisher fixed point.
The conjecture is useful for deriving various dualities in three dimensions to obtain
a duality web. The study is also interesting for understanding the dualities, or
equivalence of different theories from the perspective of the renormalization group
flow. We first discuss the “derivation” without losing the holonomy. Furthermore,
we also derive these dualities from the mean-field study, and consider the extension
of the conjecture or dualities at finite temperature.
1e-mail address: yefgst@gmail.com
1 Introduction
Duality is an equivalence of two theories from some non-trivial transformations. The
duality is a useful tool to study theoretical physics because we could use different mathe-
matical ways to see one physical phenomenon. Especially, we are particularly interested
in dualities between the weakly coupled and strongly coupled field theories to study the
strongly coupled field theories from the weakly coupled field theories.
Three dimensional quantum field theory at infrared limit is particularly interesting
because of time reversal symmetry anomaly in free Dirac fermion. The massless Dirac
fermion at quantum level is not a well-defined theory and the massive Dirac fermion
theory could be related to the Abelian Chern-Simons term so one way of finding a well-
defined theory at infrared limit is to combine the massless Dirac fermion and the induced
Abelian Chern-Simons term, which comes from the one-loop effective potential of the
Dirac fermion [1]. When one considers finite temperature, the Dirac fermion is not
enough to be combined only the lowest non-trivial order term, the induced Abelian
Chern-Simons term, to obtain the gauge symmetry in the effective theory. Thus, the
resummation is necessary for restoring the gauge symmetry of the effective theory at the
Wilson-Fisher fixed point. The theory at zero temperature is also conjectured to dual
to the interacting scalar field theory at the Wilson-Fisher fixed point coupled to the BF
and Chern-Simons theories in the manifold with a chosen spin structure. The conjecture
at zero temperature could exhibit the known particle-vortex duality [2] so it should be a
concrete evidence. An interesting fact is that the conjecture also gives a duality web to
find the relation between the free theory and interacting theory [2–4].
In this paper, we discuss the “derivation” (We use the “derivation” because one
derives these dualities from a conjecture.) of the dualities in three dimensional quantum
field theory. The “derivation” starts from one conjecture to derive other dualities. When
one “derives” the dualities, one needs to integrate out gauge field to solve da = db,
where a and b are gauge fields. The general solution of da = db is a = b + df with a
globally defined f if a and b satisfy the Dirac quantization condition. Roughly speaking,
we could set f = 0 or zero holonomy due to the gauge transformation. When a theory
only has dynamical gauge fields, then the case is not problematic. If one theory has
background gauge fields, then setting zero homonomy is not always doable because the
gauge transformation could be performed only on the dynamical fields. However, we find
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that the non-trivial holonomy could be absorbed by the scalar field, and the non-trivial
holonomy does not affect the dualities when a boundary term is absent, and all fields are
globally defined. The mean-field study is a powerful tool to study the phase diagram so
we consider the order parameter ψ¯ψ in the fermion side. The above studies only focus on
the zero temperature. The phase diagram is particularly interesting when one considers
the phase transition with respect to finite temperature. The difficulty of the conjecture
at finite temperature is that it is necessary to include higher order terms beyond the
induced Abelian Chern-Simons term. The inclusion of the higher order terms possibly
affects the validity of the conjecture because of the kinetic term of a gauge field. Thus,
only the induced Abelian Chern-Simons term with a temperature dependent coefficient
is considered in our conjecture. Although the effective theory loses the gauge symmetry,
the role of the temperature possibly be the same as the role of the Dirac fermion mass
term at the Wilson-Fisher fixed point. The Dirac fermion mass term should vanish at
the Wilson-Fisher fixed point, but we could do the perturbation to understand the dual
operator, boson mass term. Thus, the duality at finite temperature and infrared limit
still possibly works.
We first “derive” dualities from the conjecture without ignoring the holonomy in
Sec. 2. The mean-field study of the duality is shown in Sec. 3, and the dualities at finite
temperature are exhibited in Sec. 4. Finally, we give outlook and conclude in Sec. 5.
More details and related materials will be reported in a forthcoming paper [5].
2 “Derivation” of the Duality
We first exhibit our notation to conveniently show the duality, and start from a conjecture
of a duality between boson and fermion systems [3] to derive the known duality for the
particle-vortex duality of the boson fields at infrared limit without losing the holonomy.
2.1 Notation
Our notation for the action of the Abelian Chern-Simons with level one
SCS[A] =
1
4π
∫
d3x ǫµνρAµ∂νAρ, (1)
2
the action of the BF theory
SBF [a;A] =
1
2π
∫
d3x ǫµνρaµ∂νAρ, (2)
the action of the scalar field theory
Sscalar[φ;A] =
∫
d3x
(
|(∂µ + iAµ)φ|
2 − λ|φ|4
)
, (3)
the action of the massless Dirac fermion theory
Sfermion[ψ;A] =
∫
d3x iψ¯γµ(∂µ + iAµ)ψ, (4)
the partition function of the massless Dirac fermion
Zfermion[A] =
∫
Dψ exp
(
iSfermion[ψ;A]
)
, (5)
the partition function of the scalar field theory
Zscalar[A] =
∫
Dφ exp
(
iSscalar[φ;A]
)
, (6)
in which we used the metric ηµν = diag(1,−1,−1, · · · ,−1) to do contraction.
2.2 Conjecture
We start from a conjecture:
Zfermion[A] exp
(
−
i
2
SCS[A]
)
=
∫
DφDa exp
(
iSscalar[φ; a] + iSCS[a] + iSBF [a;A]
)
(7)
in three dimensions. The massless Dirac fermion is not gauge invariant at quantum level
so it is necessary to include the induced Abelian Chern-Simons theory with level one to
restore gauge symmetry.
The electric current of the fermion iψ¯γ0ψ could be related to the flux current of
a, (1/2π)ǫ0νρ∂νaρ. This leads that the monopole of a could give A charge one for the
fermion. The Chern-Simons term for a could generate a charge one, and the a charge
could be neutralized by adding a complex boson φ because the angular momentum of φ
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is one half. Thus, the state has the same angular momentum and the dynamical gauge
field also has the same A charge as in the fermion field. The conjecture could be correct
because we consider e2 → ∞ or the infrared limit, then the kinetic term of the gauge
field could be ignored.
We could rewrite the conjecture:∫
DψDA exp
(
iSfermion[ψ;A]−
i
2
SCS[A]− iSBF [A;C]
)
= eiSCS [C]
∫
Df Zscalar[C + df ],
(8)
in which we equivalently use A = C + df when we do path integration. We could use the
action of the time reversal to obtain∫
DψDA exp
(
iSfermion[ψ;A] +
i
2
SCS[A] + iSBF [A;C]
)
= e−iSCS [C]
∫
Df Zscalar[C + df ].
(9)
2.3 Particle-Vortex Duality of Boson Fields
We derive a particle-vortex duality [2] of boson fields from the conjecture, and start from
e−iSCS [C]
∫
DψDA exp
(
iSfermion[ψ;A]−
i
2
SCS[A]− iSBF [A;C]
)
=
∫
Df Zscalar[C + df ].
(10)
We could add the BF term to get∫
Da exp
(
− iSCS[a] + iSBF [a;A]
)∫
DψDa˜ exp
(
iSfermion[ψ; a˜]−
i
2
SCS[a˜]− iSBF [a˜; a]
)
=
∫
Da exp
(
iSBF [a;A]
)∫
Df Zscalar[a + df ], (11)
then we could integrate out the dynamical gauge field a, which is equivalent to getting
a = A− a˜+ dg to obtain∫
DψDa˜ exp
(
iSfermion[ψ; a˜] +
i
2
SCS[a˜]− iSBF [a˜;A] + iSCS[A]
)
=
∫
Da exp
(
iSBF [a;A]
)∫
Df Zscalar[a+ df ]. (12)
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Therefore, we obtain∫
Df Zscalar[−A + df ] =
∫
Da exp
(
iSBF [a;A]
)∫
Df Zscalar[a+ df ]. (13)
Since the gauge transformation of a is dλ, the shift of a, a→ a− df does not modify the
BF term, we could use φ → φ · exp(−if) to absorb the df for the bosonic parts. Thus,
we could show that the particle-vortex duality of the bosonic fields is not affected by the
holonomy:
Zscalar[−A] ∼
∫
Da exp
(
iSBF [a;A]
)
Zscalar[a]. (14)
Other dualities [3] are also not affected by the holonomy from the same way.
3 The Mean-Field Study of the Duality
We use the order parameter ψ¯ψ in the fermion side to study the duality [4] at infrared
limit. The four fermion interacting term at infrared limit or g2 → 0 could be considered
to recover the massless Dirac fermion:
Sgn =
∫
d3x
(
ψ¯γµ
(
i∂µ − Aµ
)
ψ +
g2
2
(
ψ¯ψ
)2)
. (15)
We introduce an auxiliary field m to rewrite the action∫
d3x
(
ψ¯γµ
(
i∂µ − Aµ
)
ψ −
1
2g2
m2 −mψ¯ψ
)
. (16)
When taking the infrared limit, the auxiliary field m approaches a constant or fixed value
from the mean-field analysis. Hence, the fermion theory in the conjecture is written as
Zfermion[A] · e
−
i
2
SCS [A]δ
(
ψ¯ψ − mˆ
)
, (17)
where mˆ is a constant.
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To derive the dual scalar field theory, we rewrite the conjecture
lim
g→0,α→∞
∫
DµDσ
{[ ∫
Dψ exp
[
i
∫
d3x
(
ψ¯γµ
(
i∂µ −Aµ
)
ψ −
1
2g2
σ2 − σψ¯ψ
)]
× exp
(
−
i
2
SCS[A] + iµ(σ − m˜)
)]
−
[∫
DφDa exp
[
i
∫
d3x
(
|(∂µ + iaµ)φ|
2 − σ|φ|2 +
1
4α
σ2
)]
× exp
(
iSCS[a] + iSBF [a;A] + iµ(σ − m˜)
)]}
≈ 0,
(18)
where m˜ is determined by the mean-field analysis. The conjecture could go back to the
original conjecture if we integrate out m˜. Now we only use the mean-field for the effects
of m˜.
We begin to integrate out µ, then we could obtain
lim
g→0,α→∞
[ ∫
Dψ exp
[
i
∫
d3x
(
ψ¯γµ
(
i∂µ −Aµ
)
ψ −
1
2g2
m˜2 − m˜ψ¯ψ
)]
· exp
(
−
i
2
SCS[A]
)]
≈
[∫
DφDa exp
[
i
∫
d3x
(
|(∂µ + iaµ)φ|
2 − m˜|φ|2 +
1
4α
m˜2
)]
· exp
(
iSCS[a] + iSBF [a;A]
)]
.
(19)
Then we use the mean-field analysis of the fermion fields to determine m˜. Thus, we could
have ∫
Dψ exp
[
i
∫
d3x
(
ψ¯γµ
(
i∂µ − Aµ
)
ψ
)]
· exp
(
−
i
2
SCS[A]
)
δ
(
ψ¯ψ − mˆ
)
≈
∫
DφDa exp
[
i
∫
d3x
(
|(∂µ + iaµ)φ|
2 − m˜|φ|2
)]
· exp
(
iSCS[a] + iSBF [a;A]
)
,
(20)
where mˆ = −m˜/g2 is determined form the mean-field analysis at the limit g → 0.
Our conclusion is that the mean-field analysis of the fermion theory could dual to the
massive scalar field theory without the interacting term (due to mean-field) at infrared
limit. The kinetic term of the gauge field also does not appear to affect the validity of
the conjecture because we consider the Wilson-Fisher fixed point.
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4 Duality at the Finite Temperature
The free fermion at finite temperature and infrared limit could be related to the induced
Abelian Chern-Simons theory with a temperature dependent coefficient. The tempera-
ture dependent coefficient breaks the gauge symmetry of the effective theory. One way of
restoring the gauge symmetry in the effective theory is to do resummation to all orders
with respect to number of the gauge field. The inclusion of the higher order terms in the
effective theory may break the dualities at finite temperature so we only keep the leading
order term. At the first, if we only keep the induced Abelian Chern-Simons term, the
form of the dualities is the same as the dualities at zero temperature so we could have the
same physical conclusion as in the case of the zero temperature. If we turn on the positive
fermion mass, the theory at infrared limit is still trivial, and the case corresponds to the
positive boson mass. The negative fermion mass case gives the Abelian Chern-Simons
theory with a temperature dependent coefficient, and the negative boson mass case also
gives the Abelian Chern-Simons theory with a temperature dependent coefficient. The
correspondence is not only valid at the low temperature. At high temperature limit, we
find that the induced Abelian Chern-Simons term at finite temperature vanishes, and
the symmetry is also restored for the negative boson mass in the scalar field theory to
give the trivial theory for the boson part. Thus, we do not find the obvious violation for
the conjecture at finite temperature.
5 Conclusion and Outlook
We discuss the duality in three dimensional quantum field theory at infrared limit. Our
starting point is to understand the “derivation” of the duality with the holonomy clearly.
Thus, we “derive” the particle-vortex duality [2] for the bosons without losing the holon-
omy. We find that the result is not modified by the holonomy. The result could be
extended to other dualities [3].
We are also interested in studying the duality from the point of view of the phase
diagram so we discuss the mean-field analysis and finite temperature in the duality. To
consider the mean-field analysis, we introduce the four fermion interacting term, which
could go back to the free fermion theory at infrared limit. The dual boson theory is a
massive scalar field after we consider the order parameter ψ¯ψ or the mean-field analysis
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in the fermion side. The difficulty of introducing temperature is that the free fermion
theory at infrared limit needs to do resummation to all orders to have gauge symmetry in
the effective theory. Our consideration of the duality is only guaranteed at infrared limit
so we only keep the induced Abelian Chern-Simons term with a temperature dependent
coefficient.
The effective theory at finite temperature loses the gauge symmetry because of trun-
cation. If we start from the non-truncated theory, the issue of the gauge symmetry does
not appear although the theories may not have dualities to connect each other. To get
the dualities at finite temperature, we could use perturbation to examine. Thus, the
dualities at finite temperature possibly works even if the effective theory loses the gauge
symmetry.
Acknowledgments
The author would like to thank Chang-Tse Hsieh for his useful discussion. Especially,
the author would like to thank Nan-Peng Ma for his suggestion and encouragement.
References
[1] N. Seiberg and E. Witten, “Gapped Boundary Phases of Topological
Insulators via Weak Coupling,” PTEP 2016, no. 12, 12C101 (2016)
doi:10.1093/ptep/ptw083 [arXiv:1602.04251 [cond-mat.str-el]]. E. Witten, “Fermion
Path Integrals And Topological Phases,” Rev. Mod. Phys. 88, no. 3,
035001 (2016) doi:10.1103/RevModPhys.88.035001, 10.1103/RevModPhys.88.35001
[arXiv:1508.04715 [cond-mat.mes-hall]].
[2] M. E. Peskin, “Mandelstam ’t Hooft Duality in Abelian Lattice Models,” Annals
Phys. 113, 122 (1978). doi:10.1016/0003-4916(78)90252-X
[3] N. Seiberg, T. Senthil, C. Wang and E. Witten, “A Duality Web in 2+1
Dimensions and Condensed Matter Physics,” Annals Phys. 374, 395 (2016)
8
doi:10.1016/j.aop.2016.08.007 [arXiv:1606.01989 [hep-th]]. A. Karch and D. Tong,
“Particle-Vortex Duality from 3d Bosonization,” Phys. Rev. X 6, no. 3, 031043
(2016) doi:10.1103/PhysRevX.6.031043 [arXiv:1606.01893 [hep-th]]. M. A. Metl-
itski, A. Vishwanath and C. Xu, “Duality and bosonization of (2+1)d Ma-
jorana fermions,” arXiv:1611.05049 [cond-mat.str-el]. J. Murugan and H. Nas-
tase, “Particle-vortex duality in topological insulators and superconductors,”
arXiv:1606.01912 [hep-th]. O. Aharony, F. Benini, P. S. Hsin and N. Seiberg,
“Chern-Simons-matter dualities with SO and USp gauge groups,” JHEP 1702, 072
(2017) doi:10.1007/JHEP02(2017)072 [arXiv:1611.07874 [cond-mat.str-el]]. A. Hook,
S. Kachru and G. Torroba, “Supersymmetric Defect Models and Mirror Sym-
metry,” JHEP 1311, 004 (2013) doi:10.1007/JHEP11(2013)004 [arXiv:1308.4416
[hep-th]]. S. Kachru, M. Mulligan, G. Torroba and H. Wang, “Nonsupersym-
metric dualities from mirror symmetry,” Phys. Rev. Lett. 118, no. 1, 011602
(2017) doi:10.1103/PhysRevLett.118.011602 [arXiv:1609.02149 [hep-th]]. S. Kachru,
M. Mulligan, G. Torroba and H. Wang, “Bosonization and Mirror Symme-
try,” Phys. Rev. D 94, no. 8, 085009 (2016) doi:10.1103/PhysRevD.94.085009
[arXiv:1608.05077 [hep-th]]. S. Kachru, M. Mulligan, G. Torroba and H. Wang,
“Mirror symmetry and the half-filled Landau level,” Phys. Rev. B 92, 235105 (2015)
doi:10.1103/PhysRevB.92.235105 [arXiv:1506.01376 [cond-mat.str-el]].
[4] A. Karch, B. Robinson and D. Tong, “More Abelian Dualities in 2+1 Dimensions,”
JHEP 1701, 017 (2017) doi:10.1007/JHEP01(2017)017 [arXiv:1609.04012 [hep-th]].
[5] Chang-Tse Hsieh and Chen-Te Ma, work in progress.
9
